The effect of hydrodynamic interactions on the spreading of clusters of colloid particles in a quasi-one-dimensional channel is analyzed both experimentally and theoretically. An n-particle cluster spreading diffusion coefficient is defined, in terms of the displacement ⌬x͑t͒ in time t, by D n ϵ ͓͚͗ i=1 n ⌬x i ͑t͔͒ 2 ͘ / 2nt, where the average is taken over all groups of n adjacent particles. Our study focuses on the n-dependence of D n with some attention to the dependence of D n on colloid packing fraction. We find that the ratio of D n to the infinite dilution self-diffusion coefficient D S 0 increases as n increases, eventually saturating for large n. The observed dependence of D n on n is in satisfactory agreement with the predictions obtained from both Stokesian dynamics simulations and hydrodynamic calculations using the method of reflections.
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I. INTRODUCTION
The restriction that particles cannot pass each other gives rise to many nonintuitive transport properties in dense onedimensional ͑1D͒ systems. For example, diffusion of particles in 1D displays an asymptotic time dependence distinctively different from that in three-dimensional ͑3D͒. Whereas in 3D the asymptotic time dependence of the mean squared single particle displacement is proportional to time t, for the case that the particles confined to 1D are subject to a stochastic background and cannot pass one another, the mean squared single particle displacement ͗⌬x 2 ͑t͒͘ increases as t 1/2 as t → ϱ. [1] [2] [3] [4] [5] [6] [7] [8] [9] Moreover, in 1D ͗⌬x 2 ͑t͒͘ has different time dependencies in different time domains; for small t one finds the normal time dependence for single particle diffusion, namely, ͗⌬x 2 ͑t͒͘ ϰ t. Kollmann 10 has shown that there is a profound connection between the diffusive motions in the short and long time domains in these 1D overdamped systems, specifically, that the long time behavior of the single particle mean square displacement is determined by the short time large-scale collective density fluctuations. For an infinite 1D system with overdamped motion the long time behavior of the probability density for displacement ⌬x in time t is P L ͑⌬x,t͒ = 1
with F q the 1D mobility defined by
and q, , , S͑q͒, and D C ͑q͒ are the momentum transfer, linear density of particles, particle diameter, static structure factor and short time collective q-space diffusion coefficient, respectively. The 1D diffusion of clusters of particles also has some interesting features. A study, by Kumar, 11 of the diffusion of a cluster of N hard rods on an infinite line, reveals that as t → ϱ correlation between the displacement of the central particle in the cluster and the displacement of any other particle in the cluster decays exponentially with particle-particle separation, with a correlation length of the order of the cluster size. He also showed that correlations between displacements of the particles near one edge of the cluster with those near the other edge are much larger than with those near the center. It is a consequence of these correlations that the cluster expands symmetrically with time as t 1/2 . We emphasize that all of the results quoted arise from the restriction that 1D particles cannot pass one another; generation of a large particle displacement then requires cooperative particle motion.
We also note that these analyses describe aspects of diffusive motion in a 1D system without hydrodynamic interaction between the particles.
A common experimental realization of a 1D system is a quasi-1D ͑q1D͒ colloid suspension in a narrow channel. In such a system there are, in addition to direct colloid-colloid interactions, hydrodynamic particle-particle and particle-wall interactions carried by the solvent. Under all common experimental conditions hydrodynamic interactions between the colloid particles in the suspension are established on a short time scale compared to the time between collisions, and evidence for cooperative motion in a q1D colloid fluid can be found at a time much smaller than the time between collisions. A crossover in the time dependence of the mean squared single particle displacement between the long time and short time behavior occurs at about the time between collisions.
In this paper, we use a suspension of colloid particles confined to a q1D channel to study the influence of hydrodynamic particle-particle and particle-wall interactions on the short time diffusive behavior of clusters of particles. Our study augments previous reports in three ways. First, our experiments examine the diffusive behavior of clusters of various sizes that are surrounded by other particles. The extant theoretical studies analyze the behavior of clusters that are isolated on the 1D line. Second, our experiments focus the attention on cluster diffusion in the short time limit wherein the single particle mean squared displacement satisfies ͗⌬x 2 ͑t͒͘ ϰ t. Aside from the relationship between short and long time behaviors of the mean square particle displacement derived by Kollmann, the extant theoretical studies focus the attention on the behavior of a 1D system in the limit t → ϱ. Third, our studies examine the role of hydrodynamic coupling between particles and between particles and the walls in determining the cluster diffusion in the short time regime. The extant theoretical studies analyze systems without hydrodynamic coupling.
There are many possible ways of characterizing cluster motion. Here we consider the n-dependence of the n-cluster spreading diffusion coefficient D n ͑see below for the definition͒ and the dependence of D n on colloid packing fraction . This diffusion coefficient measures the rate of spreading of n adjacent particles ͑see Fig. 1 for a top view of a sevenparticle cluster͒; by definition, in the absence of hydrodynamic interactions D n becomes equal to the single particle self-diffusion coefficient D S ͑ =0͒ϵD S 0 , so departure of the ratio D n / D S 0 from unity is directly attributable to hydrodynamic interactions. We find that at fixed packing fraction D n / D S 0 increases as n increases, saturating at a value of D n / D S 0 = 1.19 when the packing fraction is = 0.17, and D n / D S 0 = 1.42 when the packing fraction is = 0.61. As to the packing fraction dependence of D n , we find that for n ӷ 1 the cluster spreading diffusion coefficient increases as the colloid packing fraction is increased even though D S ͑͒ decreases as the packing fraction increases.
The theoretical analysis reported in this paper models the experimental system, which is a colloid suspension in a square open top channel, as a colloid suspension confined in a cylindrical capillary; this model has been shown to provide a good description of the center of mass and relative pair diffusion coefficients and of the concentration dependence of the single particle diffusion coefficient in the same q1D system used for our studies. [12] [13] [14] [15] We find, for the model system, that the values for D n / D S 0 predicted by both Stokesian dynamics ͑SD͒ simulations and hydrodynamic calculations based on the method of reflections are in satisfactory agreement with experiment.
II. EXPERIMENTAL DETAILS
Since the procedures used in our study have been reported elsewhere, 12 here we only briefly sketch the description of the q1D experimental system. It consists of a water suspension of silica spheres ͑diameter = 1.58Ϯ 0.04 m͒, confined in a straight or a circular q1D channel printed on a polydimethysiloxane substrate. The straight channel is 3 Ϯ 0.3 m wide, 3 Ϯ 0.3 m deep, and 2 mm long; the circular channel is 3 Ϯ 0.3 m wide, 3 Ϯ 0.3 m deep, and has a circumference of 220 m. A 100 m thick drop of suspension is enclosed between the polymer mold and a cover slip so that the top of the channel is open to a layer of fluid. Digital video microscopy was used to determine the time-dependent colloid particle trajectories within the focal plane with time resolution 0.033s. In earlier studies we showed that the colloid particles in the q1D system are tightly confined to the centerline of the channel and float slightly above the bottom of the channel. We have measured the particle displacements along the axis of the channel at different concentrations, characterized by the 1D packing fraction = N / L, where L is the length of the channel. Our results show no difference between the time-dependent particle displacements determined for the straight and circular channels.
III. REPRESENTATION OF THE EXPERIMENTAL DATA
We focus our attention on the diffusive spreading of the particles in a cluster of n particles. In this paper we define an n-cluster to be any n consecutive particles along the line irrespective of their separations and irrespective of the existence of other particles to the left or right of the selected set. The n-particle cluster spreading diffusion coefficient, defined in terms of i =1, ... ,n adjacent particles that have individual particle displacements ⌬x i ͑t͒ in time t for small t͑t Ӷ t collision ͒, is
͑3͒
The average is taken over all groups of n adjacent particles along the axis of the channel. Note that this n-particle cluster diffusion coefficient is not the same as the cluster center of mass diffusion coefficient,
͑4͒
After some simple manipulations we find that Top-view of a q1D seven-particle cluster. The particle labeled 1 is at the center of the cluster and has twice as many effective pair interactions as the particle labeled 2 at the end of the cluster.
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IV. THEORETICAL CALCULATION OF THE n-PARTICLE CLUSTER DIFFUSION COEFFICIENT
A. General remarks
Computation of the contribution of hydrodynamic interactions to the terms in the sum in Eq. ͑5͒ is complicated by the fact that the n particles in a cluster have different numbers of neighbors; in any given cluster of size n Ͼ 5 there is at least one particle in the middle, which has nearest and next nearest neighbors on both sides, and particles at the ends that have either only a nearest or nearest and next nearest neighbor on one side. Thus, summing over the terms in Eq. ͑5͒ requires consideration of end corrections. Because in a q1D system hydrodynamic screening cuts off the effective interaction on the scale length of the channel width, 13 which is somewhat more than a particle diameter, we need not consider end effects beyond two particle diameters.
We have previously computed the hydrodynamic interactions between two and three particles and between these particles and the wall in a q1D colloid suspension; these calculations provide the information necessary for computation of D n for n = 2 and 3.
14,15 Rather than extend those calculations to n-particle clusters we introduce an approximation based on summing nearest neighbor and next nearest neighbor interactions in an n-particle cluster. This approximation takes advantage of the screening of the hydrodynamic interactions and uses the notion of effective end particles. The number of effective end particles is not necessarily an integer since it incorporates the differences between end and next-to-end hydrodynamic interactions. The number of effective end particles is determined by fitting the experimental data with a form that we now derive.
For an n-particle cluster ͑see Fig. 1 for a seven-cluster example͒, the cluster spreading diffusion coefficient can be written as
Taking advantage of the hydrodynamic screening in the q1D system, for large n it is a good approximation to assume that the pair distribution function g 2 ͑x͒ for two particles with separation x in the cluster is the same as the pair distribution function for the bulk q1D system for which there is an analytical form giving the functional dependence on x and the density of the system. 16 Then for a particle in the middle of the cluster ͑labeled 1͒ we have
and for a particle at the end ͑labeled 2͒ we have
If we assume that there are m effective particles at the ends of a large cluster, and that m is independent of n, Eq. ͑6͒ can be reduced to
From Eq. ͑9͒ we see that the n-particle cluster spreading diffusion coefficient, normalized by the infinite diffusion limit of the self-diffusion coefficient, will approach its large n limit rather slowly, namely, as
where
Because of the end effects, the diffusive spreading of the particles in the cluster increases as the size of the cluster increases, despite the fact that the hydrodynamic interaction in our q1D system is screened on the length scale of the channel width.
B. Hydrodynamic calculations
We now turn to the hydrodynamic calculation of the n-cluster spreading diffusion coefficient using the so-called method of reflections.
14 Before describing this analysis it is important to remind the reader that the experimental studies were carried out in an open square channel. We have argued in an earlier paper 12 that the principal effects of the hydrodynamic coupling between particles in the open square channel are correctly captured when one calculates those effects in a closed cylindrical channel, since there must be a surface with zero tangential fluid velocity that connects the channel lips in the experiment. Although the shape of that surface remains unknown to us, the use of a closed cylindrical capillary in place of the open square channel retains the essential boundary conditions of the experimental system. Specifically, in our previous theoretical work the q1D colloid system was confined in a cylindrical capillary with radius R 0 and length L ӷ R 0 , inside of which is a viscous fluid contain- 
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ing equal size solid spheres with radius a; the centers of the spheres were on the central axis of the capillary. We have shown, using that approximation, that the so-called method of reflections yields an accurate description of the effect of hydrodynamic coupling on the concentration dependence of the colloid self-diffusion coefficient and the separation dependence of the pair diffusion coefficient. We adopt the same model for the calculations reported in this paper; the reader is referred to Refs. 14 and 15 and references therein for details of the earlier calculations. To evaluate the large n limit of the n-particle cluster diffusion coefficient, we need to sum over all the pair diffusion coefficients D ij that appear in Eq. ͑9͒, which requires an expression for the n adjacent particle distribution function. As already noted, for large n it is a good approximation to assume that the pair distribution function in the cluster is the same as the pair distribution function for the bulk q1D system, in which case Table I .
C. SD simulations
We have also carried out SD simulations of the influence of hydrodynamic interactions on the motions of the particles in a q1D colloid suspension. Following the work of Brady and co-workers, 17, 18 the influence of hydrodynamic interactions is incorporated in our SD simulation via the values of the diffusion coefficients. Starting with the Langevin equation, the particle displacement ⌬x i ͑t͒ is determined from
in which R i ͑⌬t͒ is a random displacement with a Gaussian distribution that has 0 average and a variance-covariance ͗R i ͑⌬t͒R j ͑⌬t͒͘ =2D ij ⌬t. The particle displacements satisfy the multivariate Gaussian distribution function whose moments are specified by
and
In Eqs. ͑12͒-͑14͒ F i is the sum of interparticle and external forces acting on particle i, and all variables are to be evaluated at the beginning of the time step. The particle-particle and particle-wall hydrodynamic interactions are incorporated in the calculation of the diffusion coefficient D ij which is carried out analytically by the method of reflections. With these values of D ij we generate displacements for the particles.
In our SD simulations we used N = 80 particles of unit diameter on a straight line of length 200, with periodic boundary conditions; the packing fraction was taken to be 0.4 and the ratio of particle radius to cylinder radius was taken to be a / R 0 = 0.216. The bare particle-particle interaction was represented by the continuous but nearly hard rod potential U͑x͒ = C͑x −1/ 2͒ −␥ , with C =2ϫ 10 −19 and ␥ = 64. After equilibration, 12 000 time steps ͑⌬t = 1.25ϫ 10 −4 ͒ were taken and particle configurations at each time step were recorded for evaluation. Values for the set of N displacements ͕R i ͖ were generated using a multivariate normal generator applying the Rotational Method described in Ref. 19 . This method utilizes the fact that the k ϫ k variance-covariance matrix C is positive definite and symmetric. So if we generate k independent univariate random variables Y = ͑Y 1 , Y 2 , ... ,Y k ͒, we can obtain a random sample of X = YP −1 which has a k-dimensional normal distribution with 0 mean and variance-covariance matrix C, where PЈCP = I.
In Fig. 3 we display the results of the SD simulations for the n-particle cluster spreading diffusion coefficient, normalized by the infinite dilution self-diffusion coefficient, as a function of n. We have run our SD simulation 200 times, and each SD run recorded 80 particle trajectories over 12 000 time steps which results in an overall statistical error of our numerical simulation of less than 1%. The data points with Table I͒ . The value of m found from the fitting m = 2.2 implies that there is just one effective particle at each end of the cluster ͑particles second or third from the end contribute little to this end effect͒. From the data displayed we see that the interpolation formula fits the simulation re- 
V. PACKING FRACTION DEPENDENCE OF D n
In a previous study 14 we calculated the density dependence of the self-diffusion coefficient D S ͑͒ to first order in the packing fraction for particles diffusing along the central axis of a cylindrical capillary. The coefficient ␣ in the expansion D S ͑͒ / D S 0 =1+␣ +O͑ 2 ͒ depends on the ratio a / R 0 . Our earlier calculation is valid only for a dilute system in that it accounted for the hydrodynamic interactions between two particles separated by distance x up to order ͑a / x͒ 4 , and it assumed that the pair correlation function is independent of particle separation. We have extended our calculations of ␣ to terms up to order ͑a / x͒ 7 . The results obtained are listed in Table II . We now evaluate the packing fraction dependence of the large n limit of the n-particle cluster spreading diffusion coefficient to first order in .
Using Eq. ͑9͒, the large n limit of the n-particle cluster diffusion coefficient is
͑15͒
Since D S ͑͒ and D 12 are known from prior calculations, evaluation of Eq. ͑13͒ yields
The calculated values of ␤ are shown in Table II for different a / R 0 . The results shows that the n-particle cluster spreading diffusion coefficient increases as the packing fraction increases, signaling an enhanced rate of collective diffusion in the face of decreasing rate of single particle diffusion. Note also that as a / R 0 increases, ␤ decreases, suggesting that the influence on D n of the wall-particle hydrodynamic coupling becomes more important, and the influence on D n of the particle-particle hydrodynamic coupling becomes less important.
VI. COMMENTS
The unusual properties of diffusion of single particles and of clusters of particles in a 1D system were predicted from the results of studies of models that did not include hydrodynamic interactions. The finding, by Kumar, that as t → ϱ correlations between displacements of the particles near one edge of a cluster with those near the other edge are much larger than with those near the center, so that the cluster expands symmetrically with time as t 1/2 , and the finding by Kollmann, that the long time behavior of the single particle mean square displacement is determined by the short time large-scale collective density fluctuations, has prompted us to examine how hydrodynamic interaction affects the n-particle short time cluster spreading diffusion coefficient in a q1D colloid suspension. Given that in the absence of hydrodynamic coupling D n is equal to the one-particle selfdiffusion coefficient, and at small particle separation the q1D relative pair diffusion coefficient is smaller than the oneparticle self-diffusion coefficient, the naïve expectation is that D n will decrease as n increases at fixed packing fraction. We find the reverse behavior, namely, that with fixed packing fraction D n / D S 0 increases as n increases, eventually saturating at large n. We also find that for n ӷ 1 D n increases as the colloid packing fraction is increased even though D S ͑͒ decreases as the packing fraction increases. Both properties are directly traceable to the effect of hydrodynamic interactions between the colloid particles and between the colloid particles and the walls of the q1D channel, as shown by the hydrodynamic calculations and the SD simulations reported in Sec. III. We showed previously that the packing fraction dependences of the self-diffusion and the pair diffusion coefficients of a q1D liquid are accounted for quantitatively by the screened hydrodynamic interactions between the colloid particles. Yet, despite the restriction of the length scale of the hydrodynamic coupling between a pair of particles to the width of the channel, the n-particle cluster spreading diffusion coefficient exhibits the effects of longer-ranged collective behavior.
